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In this paper there is shown in detail the proofs of 
certain addition theorems from the standpoint of Abel's 
Theorem. 
ABELIAN INTE1RAIS 
Any integral I =jR(xy)dx where R(xy) is a rational 
function of x and y, where y is an algebraic function de-
fined by an equation F(xy) = 0 is called an Abelian Inte-
gral attached to that curve. 	To obtain the determination 
of this integral it is necessary to assign a lower limit x, 
and a corresponding value yo is chosen among roots of equa- 
tion F(xe y) = O. 	On going from point x, to any point x 
by all possible paths, all values of the integral I are 
included in one of the formulas I = I x + m, w , + m2. w2. + 
---m wJ'y  ( K = 1,2,3, 	 n 1 where I , , 	, 	 Im 
 are values of the integral which correspond to certain def- 
inite Paths; m, 	mz , 	 m.,,,, and Iv, , 17,  	wh 9 are 
periods. 	These periods are of two kinds; one kind results 
from loops described about the poles of F(xy) = 0; these 
are Polar Periods.. The other comes from closed paths sur-
rounding several critical points, called Cycles; these are 
called Cyclic Periods. The number of distinct Cyclic 
periods depends only on the algebraic function considered 
F(xy) = 0; it is equal to 2p, where p denotes the deficien- 
cy of the curve. 	From noint of view of singularities 3 
classes of Abelian Integrals are distinguished. 
1 
(1) Those which re=in finite in the neighborhood of 
every value of x are called First Kind. 
(2) Those which have a single pole are called the 
Second Kind. 
(3) Those having two lo-rarithmic sinqular points are 
called Third Kind. 
ABEL'S THEO= 
95 Consider a plane curve 17(xy) = 0 and let 	( xy) = 0  
be the equation of another plane algebraic curve, 	These 
curves have n points in common (xi yi ), (xz ya )   the num-
ber n equaling the product of degrees of the two curves. Let 
R(xy) be a rational function and consider the following sum 
(1) I = 	R(xy)dx where 	R(xy)dx denotes the 
xovo 
Abelian integral taken from a fixed point x o to a point )42 
along a path which leads y from an initial value yo to final 
ofy2 the initial value y, being same for all these inte-
grals, 
SunPose, now, some of the coefficients a, b, c 	of 
(xy) = 0 are variable. 	When these coefficients vary 
continuously the noints x_4, vary continuously, and if none of 
these pass thru a discontinuity offR(xy)dx, the sum I it-
self varies continuously, Provided we follow the continuous 
variation of each of the integrals contained in it along the 
entire path descrited by corresnonding upper limit. 	The 
sum I is therefore a function of the p,arameters a, b, c, - 
	, whose analytic form is considered next, 
2 
Denoting the total differential of any function U by 
dU, with respect to variables a, b, c, 	 , we have, 
fl, 
au 	,)t) dU = 	da +-T b— db 	 By (1) dI y2 )dxl, 
and from the two relations F(x t 31) = 0 and 0(xly2 ) = 0 




dx. 	 dye = 0 
	 cL.- dye. + d 	= 0 
— 	 a y 
= (x23:4 )d 	where 	(xi y2 ) is a 
rational function of x2 , 	, a, b, c, 	 and where 
0.2 stands for 0(x.L y4,), we obtain, 
dI = 	R(x2 y2 ) tp (x_i 3.1 )42 
The coefficient of da is a rational symmetric function 
of the coordinates of n points (xai, ) common to the two 
curves F(xy) = 0 and O(xy) =0. 	The theory of elimination 
tells us that this function is a rational function of coef-
ficients of the two polynomials F(xy) = 0 and q5(xy) = 0 
and consequently a rational function of a, b, c, 	 
Evidently the same is true of the coefficients of db, dc, 
etc. and I will be obtained by integration of a total dif-
ferential 
fI = 	(f/ da + f2 db + fs dc ) where fi , f2 , 
f3 
	 are rational functions of a, b, c, 
and the integration cannot introduce any other transcenden- 
tals other than logarithms. 
The sum I is therefore equal to a Rational Function 
of the Coefficients a, b, c, 	 plus a sum of logarithms 
identically zero, it would be possible to find a system of 
values a = a , b = 	c = c', 	 for which I 
would become infinite. 	Let (x, 	 (x:7 , 	) be 
the intersections of the curves F(xy) and c6(xy) which 
correspond to the parametric values a', b', c' . 
xY Then f R(xy)dx becomes infinite when the upper limit 'V. yo 
approaches one of the points ( x , y) .; Since this is im- 
of rational functions of the coefficients a, b, c, 	• 
each of these logarithms being multiplied by a constant fac-
tor. 
The above is a statement of Abel's Theorem in its most 
general form. 
In geometric language this can be stated as follows: 
The sum of the values of an Abelian Integral, taken from a 
common origin to the n points of intersection of the 
given curve with a variable curve of degree m, Q5(xy) = 0, 
is equal to a rational function of the coefficients of 
c5(xy) = 0 plus a sum of a finite number of logarithms of 
rational functions of the same coefficients, each logarithm 
being multiplied by a constant factor. 
Abel's Theorem has a definite meaning only if paths de- 
scribed by x, x2 , x3 , 
 
x are taken into account. 
 
The theorem becomes simpler when the Abelian integral 
is of the first kind, If f, f2 f3 
 
fk were not 
 
Possible when the Integral is of the first kind, we have 
dI = 0, and, consequently I = a constant, as a, b, c, vary 
continuously, 
Abel's Theorem can then be stated as follows: 	Given 
a fixed curve F(xy) = 0 and a variable curve O(xy) = 0 
of degree m, the sum of the increments of an Abelian Inte-
gral of the first kind attached to the curve F(xy) along 
the continious curves described by the points of intersec-
tion of F(xy) = 0 with ch(xy) = 0 is equal to zero. 
Note: 	References for theory are made esnecially to the fol- 
lowing three texts which were consulted: 
Goursat's: 71athematical Analysis Vol.2 Partl 
H.F. Baker's: Abelian Functions. 
Harkness and Morley: Theory of Functions. 
dX THE ADDITION THEOREM FOR log x = 
(1) Let 	y = 
(2) And y = x 2 + ax +b 
y 
the variable curve 
./ 


















(3) Uw = 
	
,(2-0 	Xi(ez,b) 	X3 (a' b) 
dx dx dx + 	x + 
Y, 	xza., + Y3 X3cu 
by Abel's theorem 
On eliminating y from (1) and (2) we have, 
(4) 16(abx) = x 3 + ax 2 + bx- 1 
	whose roots are the 
abscissas of the intersections of (1) and (2) 
Substitution in equation (3) gives 
(5) 	










where, of„, = 3x12 + 2ax, + b 
05:2 = 33c + 2ax, + b 
0 (3 = 3x32  + 2ax+ b 
3 	 x3 Therefore Ucy = 7727 
x 
 575- 777427726- 
(6) By elementary operations we have as the numerator of qb , 
[ 9X 1 X2 X3 (X2X3 + Xi X3 + X, X2 ) + 6ax, x2 x3 (x, + xz + x3 ) + 3bx, 
+ x, X2 + x, x3 ) + 6ax, x2 x3 (x2 + x3 + x2 ) + 4a2x, x2 x3 (1+1+1) + 
2abx, (x3 + x2 + x5 ) + 3bx2 (x, x2 + x32 + x2 x3 ) + 2abx2 (x/ + x3 + x3 ) 
+ b 2 (x, + x2 + x3 )1 
We now simplify this expression as follows: 
From (4) we have, 
x, + x2 + xs = -a 
(7) x, x2 + x, x3 + x2 x5 = b 
x, x2 x3 = 1 
Substituting relations from (7) in (6) we get, 
-[9b -6a 2 + 3bx, (xl+ x, x2 + x, x3 )- 6a 2 + 12a 2 + 4ab 2 + 3bx2 (x, x2 + 
x,f+ x2 x3 ) -ab 2 	= 
( 8 ) 
	-[9b + 3ab 2 + 3b (x, 4 + x,2x, + x,2x, + x, 4 + x2 4 + x2.2x3)] 
From (7) 
	
(x, x2 + Xi X 3 + X2 X 3 )(X I + X2 + X3 ) = XI2X2  + X 2X3 + 
x, x 2 + x22x3 	32  + x, x  x2 3 2  x + 3x , XI X 3 2 	'  
Therefore 	(b) (-a) = x / 3  x2+ x 2x/2 ' + x/2x3 + x/ 22 x+ x23  x2 + 
X22X3 + 3 or x, x3 + x2x2 + x2x3 + X, XZ + x2 x32 + x22x3 = -oh-3 
Substitution in (8) gives for the numerator of U,, 
-[9b+ 3ab 2 + 3b(-ab -3)] = -[9b+ 3ab 2-3ab 2 -9b ] = 0 
Hence 11„=. 0 
Likewise, for Ub p we have, 
11 1,, = y,x, + Y2 X2 b  + y3 X3 t (9) 
and 	c61 x •)c13 + 	(A) X •Xb + X = 
Therefore x6 = 	x 
ub = 	_tia+ 1 	 -x3 
x i • 93X, 	x2  •
ce,,, 	x3 0)(3 
(10) 	Ub = - [ 
1 	 1 	 1  
3x 2 +2ax, +b 3x2 +2ax2 +b 	3 3x 2 +2ax, 
By elementary reductions the numerator of (10) becomes, 
Or 	U b = _ [ 1 + 1 4_ 1 ,,„ x 	Ce 	CP x3 
Substitution in (9) gives, 
(11) - [9(x2x22 + xi2x1+x22 x3 ) + 6a(x2 x32 + x, x3+ x3 x2+ x2 X2+ 
x3 x22 + xi x22 ) + 6b (x2+ x22 + x3) + 4a 2 (x2 x3 + xi xs + xi x2 ) + 
4ab(xi + x2.+ x 3 ) + 3b 2 ] 
Squaring the first equation of (7) and transposing, we 
obtain: A .0.2 + x3 = a 2 
	
16 / 7 '62, M 3 	 2b 
And from Uw it has been shown that, 
x, 4+ xi2x2 + xx3 + xi 4+ x2 x:+ x22x3 = -ab - 3 
Also, from the second equation in (7) 
x 2x
Z 
 24. x 2x 2 4. x 2x 2 = b2 	2x xz x3  (x /  + x+ 3 ) 2 3 	 r  
Therefore 	 2




 = b2 	2a 
/ z  
Hence, substituting relations from cubic in (11) we ob-
tain; for the numerator of U6 
- [9(b 2 + 2a) + 6a(-ab - 3) + 6b(a 2 - 2b) + 4a 2 (b) + 4ab(-a) 
+ 3b 2 ] = - [9b 2 + 18a - 6a 2b -18a +6a 2b 12b2 + 4a 2b -48 2b + 
3b 2 ] = 0 
Therefore U 6 = 0 
Hence, Ucu = 0, U 6 = 0, and consequently 
U(ab) = a constant = C 
x. 	Xz 	X3 
dx dx 
As no restrictions were nlaced on a and b we take 
And 
il x,, 4. )13, • 
. 1L.MIIMMW.111111■111 
a = -3 , b = 3 	The intersection then becomes, 
x 2 - 3x 2 + 3x 1 = 0 with a triple root x,= x2 = x3 = 1 
/ 	/ 
Therefore we have, fd._':c ti _Di 4.)(LIE_ - c 
/ 	, 	x 	1  
Hence 	0 = C 
X1 	 AZ 	
X3 
And 	dx 41( dx 41 dx   = 0 
x  
/ 	x/ 	Ai 	X3 	X3 
(12) Transposing,/_1=_ .1) 1 dx _ ;/( dx _ 	dx  , x , x • 	7c x 
As X/ X2 X3 = I 	we get x3 
	, = -1- therefore 1 xr x2 x3 
= X Xz 
 Hence, substituting in (12) we get, 
X, 	 xz 
)Cite— X 
Or, 	log xi + log x2. = log x/ xz , which is 
THE ADDITION THEOREM FOR LOGARITHMS 
The curves below show how the intersection occurs for 






+ x2 + 
SECTION (2) 
X 
THE ADDITION 'MOREL! FOR ARC TANGENT x = / —A2L-- 
x 2 + 1 
0 
(1) iet 	y ■ 
72 71 
(2) And y = ax + b  
represent the fixed curve 
the variable curve 
Y 
3e, 
On eliminating y between (1) and (2) we get, 
(3) ax 3 + bx 2 + ax + b - 1 = 0 	whose roots are the ab- 
scissas of the intersections of (1) and (2) 
Proceeding as in Section (1), we have 
(4) Ua, = 	x, + yz 	+ y3 x34, 
Since 	(abx) = ax 3 + bx 2 + ax + b - 1 
Therefore 01 x = 3ax 2 + 2bx + a 
	
0x1 	a, 	Q5, •Xa, 	(x 3 	x) 	0 Here 	ex +0a, = 
Hence x = 3 + X - X(X 2 + 1)- 	-  
)4  
Substitution in (4) gives, 	j4 	
Y Ox 
 
- 31; • 	x, + y -xs 
Y/ Ox, 	2 	3r1 • Wxz 3777y3 
Uo, = 
U = - 	 x, 	 x3  
3ax12 + 2bx, + a 	3ax 2 + 21=2 + a 3ax 2 + 2bx3 + a 
Hence, we get, as the numerator of U a, 
(5 ) 	- [x, (3a4+ 2bx2 + a) (3ax32 + 2bx3 + a) + x2 (3ax,2 + 2bx, + a) 
(3a4+ 2bx3 + a) + x3 (3ax22 + 2bxz + a) (3ax,2 + 2bx, + a) ] 
By elementary operations (5) can be written: 
(6) 	- [9a 2 (x, x2  x3 ) (x, x2 + 	x.3 + xz x3 ) + 6ab (x, x2  x3 ) (x2 + x3 + 
xz + x, + x, + x3 ) + 4b 2 (x, x3 X3 + x, xz x3 + x, xz x3 ) + 2a,b (xz x3 + 
x2 x3 +xx2. + x, x3  + x, x2 + x, x3) + a 2 (x.3  +xZ 	 Z +x )+3a2 (x 2x3  + 
Xz X3




X2. + X X3) 3 
From (3) we have, 
- ax 3 + bx 2 + ax + b - 1 = , or X 3 + x 2 + x + b
a
1 = 0 
 
( 7 ) 	 X1 X2 + X2. X3 + X/ X3 = 1 it 
1-b x, x2 X5 = 
a 
From (7) by multiplying first equation by the second we 
get, 	x2x3 + x2 4+ x, x2+ x,2x3 + x,2xz + x, x32 = (x, + xz + x3 ) (x, x2 + 
x, x3 + x, x3 ) - 3x, x2 x3 = - — - 3 1-12-9  a 	a 	a 
	= a 
b -b-3+3b -3+2b  
substituting these relations in (6) we get, as the num-
erator of Uci, , 
- [ 9a(1-b) + 6b(1-b)(- 	b ) + 12b 2 ( 1a-13 ) + 4ab - ab - 9a + a  
b 2 	12b 2 6ab ] = - [ 9a -9ab -  12  a (1-b) + 	a (1-b) -9a +9ab] = 0 
Therefore U. = 0 
To determine Ub we have, 
( 8 ) 	 Ub = Y, xr 	Yz xzb + Y3 X3 h 
Therefore, we obtain, 
+ xz + x3 =  
CP, ( abx ) = a.x 3 + bx 2 + ax + b - I 
Therefore 4. 3ax 2 + 2bx + a , whence 
101x •xbb =  x 
.x b + (x 2 + 1) = 0 
	
Therefore 	x6  = - 	 
x 2+ 1 	1 
.6 	(7) ix 	y4 




-1 	 1 II = y• ---7- 7 yi • U
b 	I Y ch i x, 
,, ez + y3 *-7743 = 
( 9 ) 	- 	 1 	 1 	 1  
3a4+ 21Dx, + a 4- 3axz4 + 2bx2 + a + 3a3.177-2bx3 + a 
Clearing (9) the numerator of Ub becomes, 
(10 ) - [ (3ax22 + 2bx2 + a) (3a)3+ 21Dx3 + a) + (3ax,2 + 2bx, + a) 
( 3ax: + 2bx3 + a) + (3a4+ 21Dx/ + a) (3ax22 + 2bx2 + a)] 
By elementary reductions (10) can be written: 
- [ 9a 2 (x,2x22 + x,2x32 + x22x32 ) + 6ab (x, xz + 	x22x3 + 
x2x2 + x2x3 + x2 x: ) + 3a 2 (x22 + x‘e + x2 + x,2 + x,2 + x3) + 
4b2 (x, x2 + x, x3 + x2 ) + 2ab (x2 + x3 + x2 + x, + x, + x3 ) +3a 2 ] 
From (7) we get, 
x./2 +x 	b2 = - 2(x, x2 + x3 + x3 ) - b 2 	b 2 - 2a 2 
 a2 
x 2x 2+ 2x2+ x2 	 a 2 + 2b-2b 2  = 1 - 2(xx X3 ) (x + 	x3 ) I 	2 3 
a 2 
Substituting these relations, and also the ones under 
(7 ) in (11) we get, for the numerator of U b 
a 2 + 2b-2b 2) 
a2 	
+ 6ab  - 3+21D 	6a2(122.1.2_2a2)+ 4b 2 + a a 
4ab 	+ 3a 2 	= 	- [9a 2 + 18b + 12b 2 -18b 2 -18b +6b 2 -12a 2 + 
a 
4b 2 -4b 2 + 3a2 ] = 0 , and consequently 	Ub = 0 
Hence 	Ua, = 0 , Ub = 0 
1 .2 
-• " - `.-17 
And, consequently, 	U(ab) = a constant = C 
Xi 	X3 
Then, we have (12) 	dx 	 dx dx = C 
x2 +1 x2+1 	2+1 
'0 
 
If we let a = 0 and b = 1 in (3) it reduces to 
X 2 = 0 	whose roots are: xi = x2 = 0, x.3 =00 
0 	 01) 
dx 	dx 	dx 
/ x 2+1 j x24.1 x2+1 
0 	 0 
Since the first two integrals vanish, we get 
dx 	 ir 
x 2 + 1 C = 2 Substituting in (12) we obtain: 
XI 	 X2, 	 X3 
dx 	 dx dx 
X 2 + 1 X 2 + 1 
	 1 	2 





(1 3 ) 
Xz 	 X3 
dx 	 dx dx 
777-1- 77-717 	2 
-/ 	- /1 - Tan xa = Tan -- , hence we have 
	
xa 	 i X/ 	Xi Xls 
dx dx 	dx 
77-7 + 7771— = 72717 





+x1 x3 +x.2. x3 = 1  • From this xi x2 +(x/ +x2, )x3 = 1, and 
1-Xi X2 	 1 	= Xi + Xz x3 = 	 . Therefore xi  + x2 	 X3 1-Xi X2 
Hence (13) becomes, 	 )6/1-/e-v 
xi )62, 	 /- x, )(2, 
dx 	dx dx 
77717777 = 7777— 
o 	 6 
Or, 	ARC TANGENT xi + ARC TANGENT xz =ARC TANGENT 3c/ + 4 
1-x/ x2 
Which is, THE ADDITION THEOREM FOR THE ARC TANGENT 
The values taken for a and b for determining the con- 
stant C, a = 0, b = 1, threw the straight line, used as a 
variable curve, in the position as shown on the graph below. 
Y 
0 
(1) and (2) we obtain the cubic, 
X, (a. b)  
dx 
( 	 2 )(1-k 2x 2 ) 
From. 
SECTION (3) 




0 p1_x 2)(1..k2x 2) 
(1) Let y = (1-x2) (l-k 2x 2 ) represent the fixed curve. 
(2) And y = kx 2 + ax + b 
	
	the variable curve. 
Y 
OF THE FIRST KIND, F(k,x) 
      
    
   
X 
   
    
      
       
2akx 3+ (a 2+ 2bk k 2+ 1)x 2 + 2abx + b 2-1 = 0 whose roots 
are the abscissas of the intersections of (1) and (2). 
Therefore we have, 
(3) 0(abx) = 2akx 3+(a 2 + k 2 + 2bk +1)x 2 + 2abx + b 2 - 1 = 0 
Proceeding as in SECTIONS (1) and (2) , we have, 
16 
(4) 	Ua = ✓ x , a, 	Yzxia 	Y3 3a. 
Determining xa, , we have, 
0X . xa + 	,
X 
 cb' . xck, 	 (2kx 3 + 2ax 2 + 2bx) = 0 
_  2x(kx 2 + ax + b)  
scbc 
Where 	6akx2+ ( a2 k2 + 2bk +1)2x + tab 
x(kx 2 +ax+b)  Hence, x6u= -  	 -xy 
3alcx 2 + (a 2 +k 2 +2bk+1)x+ab 3akx 2 + (a2.140 +2bk+1)x+ab 
Substituting in (4) we obtain, 
1 	x, y, 	1 	x2  Y2,  • 3akx,2 + ( a 2 +k 2+2bk +1 )xfr + ab yz 3akx:+ ( a ' +k +2bk +1 )xtab 
11■■■■•■ 
 
Y.3  + 1  . 
13 3akx32 +(a2 +k 2 +2bk+1)xtab consequently (5) becomes, 
  
(6) T_Ta, - 
3a,2 +(a 2 r 	
X,  4- 	 X2,  
kx +k 2 +2bk +1 )x,+ab 3akxf + ( a 2+k 2 +2bk +1 )x2+ab 
x3 
3alcx:+(a 2 +k?+2bk+1)xtab 
By elementary reductions the numerator of U  
(7) . 
x, [9a 2k 2x:x: + 3ak(a 2 +k 2 + 2bk +1) (xfx3 + x:xz ) + 3a 2bk(xf+ x:) 
+ (a2+k 2 +2bk+1) 2x2 x3 + a2b2 + ab(a 2 +k 2 +2bk+1) (x1 + x3 ) ] + 
x2 [9a 2k 2x,24 + 3d1c(a 2 +k 2 +2bk+1) (x12x3 + 4x, ) + 3a 2bk(x,2 + x:)+ 
(a2+k2+2bk+1) 2x1 xa + a2b2 + ab(a 2 +k 2 +2bk+1) (x, + x 3 ) ] + 
x3 [9a 2k 2x,2xf + 3als(a 2 +k 2 +2bk+1) (x,2x2 + x:x, ) + 3a 2bk(x + xf )+ 
(a 2 +k2+2bk+1) 2x, xz + a2b 2 + ab(a 2 +k 2 +2bk+1) (xi + x2 ) ] 
Which reduces to, 
Therefore xa, = 
( 5 ) 
17 
(8) 	9a 2k 2 (x, x2 x3 ) (x, x3 + x, x2 + x2 x3 ) + 6ak (a 2 +k 2 +2bk+1) 
(x 1 x2 x3 ) (x, + X2 + x3 ) + 3a 2bk(x, x2,2 + x, x32 + xz x2+ xzx32+ x12 + 
x3 2  x2 ) + (a 2 +k 2 +2bk+1) 2 (3) (x/ x2 x3  ) + a 2b 2 (x , + x2 + x3 ) + 
2ab(a 2 +k 2+2bk+1) (x i xz + x, x3 + xz x3 ) 
From (3) we obtain, 
(a) x i + x2 + X3 = 	
a 2+k 2 +2bk+1 
2ak 
b (b) x I X2 + X I X 3 + X2 X 3 a 
(c) X i X2,2C3 113 	
1-b 2 
2ak 
Multiplying (a) by (b) we get, 
(d)  
(x, x2 + x, x3 + xi x3 )-3 (x i xz x3 ) = - 
x, X2 + X 
2 	2 i X+ X 3 	zX / 	z 3 	/ 	3 z = (X 
2 + X X 2 + X3 X 2 + X X 2 
	
(	
/+ X z + X 3 ) 
a 2 +k 2 +2bk+1  (b )- 
Zak 	k 
(3)
1-b2 ) _  -a 2b-bk 2 +b 2k-b-3k  
2ak 2 
( c) 	from (a) 	a 2 +k 2 +2bk+1 so -2ak(x, + x z + x3 ) 
Substituting these values in (8) we obtain, as the num-
erator of Ua, , 
9a 2k 2 (-324-32 	+ 6ak (a 2 +k 2 +2bk+1) (xr 2Zz.C31X1 X2‘ + X3 ) 
3a 2bk -a2b-bk
2ak  2 
 +b 2k-b-3k  6ak (ti24k2 +2bk +1 ) (xj x2 x3 ) 
) + a2b2 	a2+k2+2bk+1) + 2ab(a 2 +k 2 +2bk+1) b 
2ak 
9ab-9ab 3 	-3a 3b 2-3ab 2k 2 +3ab 3k-3ab 2-9abk  
2 	 2k 
-a 3b2-ab 2k 2-2ab 3k-ab 2 	2a 3b 2 +2ab 2k 2 +4ab 3k+2ab 2  
2k 
(9) 
9abk-9ab 3k-3a 3b2 - 3a1021-4 2 +3ab 3k-3ab 2 -9abk-a 3b 2-ab 2k 2-2ab 3k 
2k 
-ab 2 +4a 3b 2 +4ab 2k 2 +8ab 3k+4ab 
	
0 
2k 	 2k 
HENCE Ucti = 0 
Similarly, for U b 9 we have, 
(10) 	 = 	xib + Y2 X2b + y3 x3 13 
and since 0' . x 	- 11.' 1 X b +0 b -  Yx•xt, +(2kx 2 +2ax+2b) = 0 
Therefore x b = 	
21x 2 +2ax+2b  
6akx 2 ÷(a 2 +k 2 +2bk+1)2x+2ab 
kx 2 +ax+b ••■ 
3akx 2 +(a 2 +k 2 +2bk+1)x+ab 	3akx 2 + (a 2 +k 2 +2bk+1)x+ab 
Substituting in equation (6), we get, 
1 	 Y. ) 	 1 	 Y2  
U b = - + -• 
3akx 12 +(a2-2 tic +2bk+1)xi+ab 	y2 3aloc 2 + ( a 2 +k 2 +2bk+1)xtab 
1 	 y3  
y3 3akx32+(a2 +k 2 +2bk +1)x3 +ab 
By elementary reductions, we obtain for the numerator 
9a 2k 2x2.2x.32 + 3ak(a 2 +k 2 +2bk+1) (4x3 + x:x2 ) + 
3a 2bk(x 2 + 24) + (a 2 +k 2 +2bk+1) 2xz x3 + ab(a 2 +k 2 +2bk+1) (x2. +x3 ) + 
a 2b2 	9a2k2x,2-11 + 	 2 3ak a 	2 k +k- +2bk +1 ) (x2x3 + x32x, ) + 3a 2bk (x12 +x32 ) 
+(a 2 +k 2 +2bk+1) 
9a2k2x2xf + 3ak(a 2 +k 2+2bk+1)(x2x2 + xfxi ) + 3a 2bk(x 2 + x2) + 
(a 2 +k 2 +2bk+1) 2x , x2  + ab(a 2 +k 2 +2bk+1)(x + x2  ) + a 2b 2 
g a 2k2(x 2x 2 + x 2x 2 + x2x2) + 3ak (a 2 +k 2 +2bk+1) (x 2x + xi x
, 





2X 1 X3 -1- ab(a 2 +k 2 +2bk+1) (x i + 	a 2 b 2 + 
19 
4x3 + xgx, + xfx3 + x32x.2, ) + 3a 2bk (4+ 	+ x,2 + x32 + 4+ x32) + 
(a 2 +k 2 +2bk+1) 2 (Xi Xz Xi X3 + X2_X3 ) 	ab (a 2 +k 2 +2bk+1) (x l + x2 + 
x +x +x2  + x3 ) + 3a 2b 2 
(12) 	9a 2k 2 (44+ 4x3 I. x.22. x:) + 3ak ( a 2 +k 2 +2bk+1 ) (x,T.2, + xfx, 
+4x3 + xfx, + xfx3 + 4x2 ) + 6a 2bk (x + xf + x32 ) + (a 2 +k 2 +2bk +1 ) 2 
 (XI X2 + x, x3 + X.2X3 ) + 2ab(a 2 +k 2 +2bk+1) (x, + x2,  + x3 ) ' + 3a 2b 2 
 From (3) we have, 
Xi X 2. + X / X3 + X2 X3 = 
1-b 2  
X / X2 X3 _ 2ak 
4c + xz 4 X = a 2 +k 2 +2bk+1  2ak 
b 






x2 3 1...-, (X i X2. 4 XI X3 -I- Xr/ X3 ) 2 - 2(X, X2 X3 ) (Xi 4 x 2x 2 x 2x 2 
xz + x3 ) 
X /2x + x 2x/ + x/
aX3 + XtX/ + Xz2X3 + X32X2 = (Xi + Xz + X3 ) (Xi Xz 
 X/ X3 Xi x3 ) - 3 (x, x2 xs ) 
Substituting these values in (12) we obtain, as num-
erator of Ub , 
9a 2k2 E (., .2 + ., x, + x2 x 3 ) 2 -2 (x, x2 xs ) (x, + xz + 
x3 )' + 3ak (a 2 +k 2 +2bk+1) Ec i + x2 + xs ) (x i x2. + x, xs + xzx 3 ) - 
3 (x i xz x3 0 + 6a 2bk 5 +--x2 + x3 ) 2 - 2 (xi xz + x1 xs + x2, xa + 
(a 2 +k 2 +2bk+1 ) 2 (x/ x2 + X/ X3 4- Xz X3 ) + 2ab(a 2 +k 2 +2bk+1) (x/ 
 + x.2,  + 
X3 ) + 3a 2b 2 = 
gaak 	b 2 _ 2 1_13 2 





=-7.-r-www i11F _•.11 
20 
2ak 
6a2bk 	a 2 +k 2 +2bk+9 2 	26  
2 	
. a _ 
ak + ( 	k + 
2ab(a2 +k 2 +2 
/) 
a2+k2 +2bk+1  
+ 3a2b 2 2ak 
The quantities crossed in red are equal and opposite in 
sign and vanish. Partially multiplying the remaining terms 
out, we get, as the numerator of Ub 
9a2b2 9(1.,b2)(a2 +k2+2bk+1) 3b(a 2 +k 2 +2bk+1) 2 
 
2 2k 
9(1-b2 )(a2 +k2 +2bk+1) 	3b(a 2 +k 2 +2bk+1) 2  - 12a 2b 2 + 3a 2b 2 = 0 2 	 2k 
Therefore U b = 0 
HENCE Ua, = 0, Ub = 0 and we have therefore, 
U(ab) = a constant = 








     
3ak(a2+k2+2bk+1) 	a2+k2+2bk+1  
2 ) ( 1 -k 2x 2 ) 
	
2 )(1 ■1C 2X 2 ) 	X2 )(1.4c 2X 2 ) 
Determination of C 
If, in (3), we put b = 1 and a = 0, it reduces to 
(k+1) 2 x 2 = 0 or x 2 = 0, 	i.e. two roots of the cubic are 
0 and the third increases without bound, giving x i = xz = 0,x3.00 
(15) 
Substituting in (14) we have, 
dx 
	
d■IC 	 da.)C  
21 
( 1 -x. 2 ) ( k 2x 2 A 2)(1-1,.. 2x 2) i fl_x 2)(1.4: 2x 2) 
The first two integrals in (15) vanish identically, and 





 C 	As x---}00,, tf 	_ _ 0 






C , and (14) becomes, 
   
     
(16) dx 




x 2 )(1 —k 2x 2 ) 
 






t3 	 / 	ts 3  
BUtp )6(t)dt = )fi(t)dt ti(t)dt = -)f(t)dt +)f(t)dt 





Therefore substitution in (16) gives, 
dx  dx  at 
(17) 
$1-x2)( 1_k2x2) 	\[(1 2 ) (1-k 2x 2 ) 
Replacing t3 by 	.cic3 , we get, 
x2, 
dx 
	 dx  
1 ( 1—t 2 )(1 —k 2 t 2 ) 
k ) 
dx 
( i-x 2 )(1-k 2x 2 ) -x 2 ) (1-k 2x 2 ) x 2)( 1 _k 2x 2) 
	
From equation (3), 	 Xj X2 X3 = 
2 
Therefore kx, x.e =  1-b 




(1-b 2 ) 2 
 4a2x; 
By Composition, 1 - k 2x 12x22. = 1 _  (1 -b 2 ) 2 =  40.24 -(1_1) 2)2 
4a 2x32 	 4a2x 2 3 
4a24 	(1.032)2 
Or, 	4a2x: - Therefore, we have, 1-k2;24, 




    
(18) x.3 
  
4a 2kx 3 
 
     










By separating the numerator of(19) in two parts, and 
2 adding and subtracting 	we get, 
k(1b 2 ) 2  b 2 	b2 
75,E7 	4a20.30 	
iMEM■IM. 
Ix3 kx3 3 
1 - k 2x12-4 
If, to the numerator of (20), we add and subtract 
b(1-b2 ) 
2akx: 
b(1-b 2 ) 	k(1-b 2 ) 2 	1 + 
2akx3 4a 2k 2x3 kx3 
(21) 1 
kx3 	 1 - k2x/2xf 
Combining the third and fourth terms of the numerator of 
(2o ) 1 
kx3 
it becomes, 
b 2 	b2- b(1-b 2 ) 
kx3 kx3 
(26) 03- = 
and, changing form to obtain the quotient 
bx, x 
 
+ 2axi xz 
 
mai 	 ••■■•■■••■■■ 
x3 
 
1 - k 2x124 
(21)and multiplying and dividing the result by 2a , we get, 
b(1-b 2 ) 	k(1-b2 ) 2 	2a(1-b 2 ) 	b2 	b(1-b 2 )  
2akx3 4a2k 2x3 2akx3 kxs 2akx3 
(22) 1 - 	  
k 3 
which may be written, 
,:6 
1 - k 2xPx: 
(23) -1.= 
kx3 
13 (1_1) 2 )_ 
k 4a
(i_b2)2) 
• 2akx 2k 2X 2 3 3 
	  + 2a (1-b2 
.k (b _ 1-b 2  - 
k 	2akx3 
xs 2akx3 
1 - k x 
From x, x 2x3 - 1 -b we get, 
Zak 
(24) 1-b 2 x x2 	and (25) (1-b 2 ) 2 
4a2k 2x32 2akx3 
Substituting these values in (23) we obtain, 
(26)becomes, 







x, xz ,) 
1 - k2x,2x2 
From (3), 	Xi X2 + X i Xs + X2, X3 = 
_ 	 .11 • 	 .1• • ■ -PS 
x, x2 + x3 (x xa ) = k 9 therefore x3 (x
, 





Xi  + X2. 
 
Using (28) , (27) becomes, 
1 	kx, x2, (x, + x2 ) + 2ax, x2 + b (x, + x2, )  
kx3 1 - k 2x,2xf. 
kx 2x+ kx, xf + ax xZ + ax, xz + bx, + bx 2 
 1 - k2x12xf 





x, (kxf + ax2 + b) + x2, (kxP + ax, + b) 
k2xfx: 
But, since x, and x2. are roots of, 
kx 2 + ax + b - \[(1-x 2 )(1-k 2x 2 ) 	= 0 , 
kICP 	ax, + b = 	(1-xr) (1-k 2xr) 
and, 	kx: + ax2 + b = )1(1 -x2)(1-k 2x:) 
therefore, substituting in (29), we get, 
(30) 1 x3 -  
x, 1(1-4) ( 1-kk 2x22) + x2 1 ( 1-x,2 ) ( 1-k 2x,2 ) 
1 - k2x12x2 kx3 
Consequently, (17) becomes, 
v)(
= 
1(1■20)(1-020 	00 ) (1-)(1-k2X 2 ) 	(1...10)(1.4C 2X 2 ) 
0 	 0 
Or, F(k, X I ) + F(k, 1E4 ) = F(k, Je3 ) 	where 
x3 has the value given in (30), 
This is, ' THE ADDITION THEOREM FOR THE LEGENDRE ELLIPTIC 
INTEGRAL OF THE FIRST KIND , 	F(k,x). 
For the special values of the cubic, a = 0 and b 1 , 




   
dx 
 
